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Abstract 



For any — 1 < m < 0, /x > 0, < uq G L°°(M) such that uq{x) < (^o|"^||x|)™ 
for any |a;| > Rq and some constants i?o > 1 and < fiQ < fi, and f,g& 
C([0, cxd)) such that f{t), g{t) > hq on [0, oo) we prove that as i? — )• oo the 
solution of the Dirichlet problem ut = {u^/m)xx in {—R,R) x (0, cxd), 
u{R,t) = {f{t)\m\Ry/^"', u{-R,t) = {g{t)\m\Ry/"' for all t > 0, u{x,0) = 
uo(x) in (—R,R), converges uniformly on every compact subsets of M x (0,T) 
to the solution of the equation ut = {u"^/m)xx in M x (0, oo), u{x, 0) = uo{x) in 
M, which satisfies u{x, t) dx = u^dx — j^ifis) + g{s)) ds for all < t < T 
where /q^(/ + g)ds = u^dx. We also prove that the solution constructed is 
equal to the solution constructed in |Hu3) using approximation by solutions of 
the corresponding Neumann problem in bounded cylindrical domains. 
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Introduction 

The equation 

Ut = A0^(m) (0.1) 

where (j)m{u) = u'^/m for m 7^ and 0m (w) = logu for m = arises in many physical 
models. For example when m = and the dimension n = 1 P.L. Lions and G. Toscani 
[LTj and T. Kurtz |KuJ have shown that (10. ip arises as the diffusive limit for finite 
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velocity Boltzmann kinetic models. When m = and n = 2, the equation arises in the 
Ricci flow on the complete manifold [DDDj . jPD] . [DP], [Hil], [Wl], |W2]. When 
m = —1, the equation appears in the model of heat conduction in solid hydrogen [R]. 

When m = 1, the equation is the well known heat equation. When < m < 1, 
the equation is called the fast diffusion equation and when m < the equation is 
called the very fast diffusion equation. We refer the reader to the survey papers of 
Aronson \K\ and Peletier [P] and the book |V2] by J.L. Vazquez for various results 

on dni]). 

As observed by J.L. Vazquez |V1] the behaviour of the solution of (10. ip for m < 
is very different from the behaviour of solution of (10. ip for m > 0. For example when 
m > and n = 1 the solution of (10. ip preserves the mass while for — 1 < m < 
and n = 1 there exists flnite mass solutions which vanish in a flnite time [RVJ. In 
|RV] A. Rodriguez and J.L. Vazquez by using semigroup method proved that for any 
— 1 < m < 0, < Mo G L^(M) and any non-negative functions f,g& -^^(O) oo) there 
exists a smooth unique solution u for 



ut = iu""'u,), inMx(0,T) 
u{x, 0) = Uo{x) in M 



(0.2) 



which satisfles 



u{x,t)dx= uodx - if + g)ds VO < t < T (0.3) 



and 



and 



where 



t2 rt2 

m—l„ 



lim / u"'-^u^{x,s)ds = - I fis)ds ^0 < h < t2 < T (0.4) 

(0.5) 



lim / u"^~^u^{x, s)ds = / g{s) ds \/Q <ti <t2 <T 
T = supjt' > : j Uodx> if + 9) ds^ 



(0.6) 



Later K.M. Hui |Hu3] give another proof of this result by proving that the solutions 
of the Neumann problem 

' ut = A(f)^{u),u>0, in {-R,R) X {0,T) 
[(t)M)x{-R,t) = -f{t) \/0<t<T 
[Mu)U-R,t) = git) VO<t<T 
^ u{x,0) = uo{x) in {—R,R) 

converges uniformly on every compact subset of M x (0,T) to the solution of (10. 2p 
which satisfles (031), (B, (0 and as ^ oo. 
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In this paper we will prove that for any —1 < m < 0, /i > 0, < Mq ^ -^^ 
which satisfies fl3.2p as i? — )■ oo the solution of the Dirichlet problem 



ut = (n^/m)^^ in {-R, R) x [0, oo) 

u{±R,t) = {fx\m\R)^^ Vt>0 
u{x, 0) = Uo{x) in (— -R, R) 



(0.7) 



converges uniformly on every compact subsets of M x (0,T) to a solution u of (10.21) 
which satisfies 

(0.8) 
(0.9) 



/ u{x,t)dx= / uodx-2fj,t WO <t<T 
Jr Jr 



and 



u"'{x,t) 



■m\x\ 

for any < a < b < T where 



— > — /i uniformly in [a, b] as |x| — > oo 



2/i 



Uq dx. 



(0.10) 



As a consequence by an approximation argument for any < / G L^^([0,oo)) we 
obtain another proof of the existence of solution of (10. 2p which satisfies 

[ u{x,t)dx= [ uodx-2 [ fds VO < t < T, (0.11) 

JR JR Jo 

u"'{x,t) 



and 



m\x\ 



-f{t) uniformly in [a, 6] as |x| — > oo 



for any < a < b < T where T is given by 



(0.12) 



(0.13) 



For any f,gE C([0, oo)) such that fit), g(t) > /io on [0, oo) for some constant /^o > 
and < G L°°(M) which satisfies (13. 2 p we also prove that the solution of 



2 / f ds = Uq dx. 



{ Ut = {u'^/ni)^^ in (-/?, R) x [0, oo) 

u{R,t) = {f{t)\m\R)^ Vt>0 
u{-R,t) = {g{t)\m\R)^ Vt > 
u{x,0)=uo{x) m{—R,R). 



(0.14) 



converges uniformly on every compact subsets of R x (0,T) to a solution u of (10. 2p 
which satisfies 



/ u{x,t)dx= uodx— (f + g) ds VO < t < T, 
Jr Jr Jo 



(0.15) 



and 

M^fx, t) 

' — 7- —f{t) uniformly in [a,b] as a; — )■ oo (0.16) 



mx 
and 



—7- g{t) uniformly in [a,b] as a; — )■ — oo (0-1''') 



mx 

for any < a < b < T where T is given by 

[ {f + g)ds=[ uodx. (0.18) 
Jo Jr 

as -R — > oo. 

A natural question to ask is that whether the solution u of (10. 2 p which satisfies ei- 
ther (10. lip or (lO.lSp for some function /, g constructed by the Dirichlet approximation 
is equal to the solution of (10. 2 p that also satisfies either (10. lip or (lO.lSp constructed 
in |Hu3] by Neumann approximation. In this paper we answer this question in the 
affirmative and prove that the two solutions are equal. 

The plan of this paper is as follows. In section one we will construct a symmetric 
self-similar solution of (0.1). In section two we will prove some properties of the Green 
function for the Laplace operator A in {—R,R) for any R > 1. In section three we 
will prove the convergence results of the Dirichlet solutions of (10. 7p as i? — )■ oo. In 
section four we will prove the equality of the solutions of (10. 2p constructed by the 
Dirichlet approximation and by the Neumann approximation. We will also prove the 
convergence of solutions of (I0.14p as i? — )■ oo in section four. 

We start will some definitions. We will assume that — 1 < m < for the rest of 
the paper. For any i? > and T > let Ir = {-R,R), and Qj^ = Irx (0,T). For 
any < uq E L°°{Ir) and g G L~({±i?} x [0,T)) such that inf{±/j}x[o,T) ^ > 0, we 
say that u is a solution of the Dirichlet problem 

ut =iu"'/^)xx on Ir X (0, T) 
u{±R, t) =gi±R, t) on (0, oo) 
u{x, 0) =Uo{x) in Ir 

if < M G C\QD n L'^{Qr) satisfies 

Ut = {u^jm)^^ (0.19) 



in Qjj with 

"12 



ti JIr 



m 



t2 



dxds = / — ^— dads + / uip dx 
t, Jain \ mj du Jj^ 



for all < ti < < T, ^ e C°^{Ir x (0,T)) such that = on {±R} x (0,T), 
where d/du is derivative with respect to the unit outward normal u on {±R} x (0, T) 
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and u{-,t) — )■ Mo in L^{—R, i?) as t — > 0. For any < mq ^ L^(R) we say that m is a 
solution of ([021) in M x (0, T) if m > is a classical solution of (laT9|) in M x (0, T) 
and 

u{-,t)^uo in L^(M) as t 0. 
For any set A we let xa be the characteristic function of the set A. 

1 Self-similar solutions of the very fast diffusion 
equation 

In this section we will use a modification of the technique of |Hs3j to construct self- 
similar solutions of ( lO-igp . 

Lemma 1.1. For any Rq > and r] > 0, let f{r) he the solution of 

^' ^' ■ ^ /-T^r/' = 0, />0, (1.1) 



[1.2) 



l + m l + m 

in (0, Rq) which satisfies 

[ /(O) = ri 
\f(0) = 0. 

Then 

f-mrf'>0 in[0,Ro) (1.3) 

and 

f'<0 m{0,Ro). (1.4) 
Proof. Let h = f — mrf. By direct computation, 

h' + ({m - 1)^ - -^rf'-A h = in (0,i?o). 
{g{r)h{r))' = in (0, i?o) 



Hence 
where 



m 
l + m 

1— m 



g{r) = exp ( -^-^ p/(p)i— rfp + _ i) {\nf)'dp 



Since h{0) = > and g{r) > in (0,i?o), (O]) follows. In addition, by ([Ll]), dO]) 
and (O), 

/' \' 1 ...... 



Hence 



and the lemma follows. 



f'jr) 



< 



in (0, i?o 



□ 



Lemma 1.2. For any r] > there exists a unique solution f of ( 11. ip in (0, oo) which 
satisfies ( \1.2\i . 

Proof. Uniqueness of the solution of f ll.ip . (11 .2^ . in (0, oo) follows by standard O.D.E. 
theory. So we only need to prove the existence of solution of fll.ip . (11. 2p . in (0, oo). 
Local existence of solution of (II. ip . (II. 2p . in a small interval around the origin also 
follows from standard O.D.E. theory. 

Let (0, Rq) be the maximal interval of existence for the solution / of (II. ip . (II. 2p . 
Suppose Rq < oo. Then there exists an increasing sequence {rj}^^, rj — Ro as 
i — )■ oo, such that either 

\f'i^i) \ ^"00 as i — )■ OO 



or 



or 



/(rj) — )■ as i — )■ oo 



/(rj) — 7- oo as i — > oo. 
By Lemma 11.11 (II. 4p holds. Hence 

< fir) < /(O) VO < r < R,. 

By integrating (ll.ip . we have 



:i.5) 



/ 



l—m 



1 + m 
m 



f{p)dp + 



m 



1 + m 



1 + m 
rf{r) - / f{p) dp 



pf{p) dp 
yO<r <Rn 



[1.6) 



Then by ([HD and ffTB]) . 



If Wl < 



+ 1 rfiO)'-"" < 



1 + m 

Multiplying (II. 6p by /^"^ and integrating 



+ l] RofiO)'-^ \fr e [0, Ro). (1.7) 
1 + m / 



In 

Hence 



v7(o); " 1 + ^ 



/(p) rfp 



VO < r < i?n 



In 



\m)J 



< 



< 



m 



1 + m 

m 
1 + m 



+ Ij rV(0)'~" 
+ 1^ RlfiO)'-"^ 
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Ci (say) VO < r < i?o- 



Thus 

/(r) > /(O)e-'^i Vre[0,i?o). (1-8) 

By (11.51) . (11.71) and (11.81) . a contradiction arises. Hence no such sequence {rj}^^ 
exists. Therefore Rq = oo and there exists a unique solution / of (11.11) . (II. 2p . in 
(0,cx)). □ 

Lemma 1.3. Let r] > and f be the solution of (II. ip . (11.20 . in (0, oo). Then 

2 / 2(1 -\- m) \ 

< r — f(r) < Vr > 0. (1.9) 

\ 1 — m J 

Proof. We will use an argument similar to the proof of Lemma 2.1 in |Hs3] to prove 
( im . By Lemma [m /' < in (0, oo). Hence by ( Oj) . 

f m 1 

> r + r = r Vr > 0. 



j2-m - ij^rn 1 + m 

Integrating over (0,r) and simplifying, 

f{r) < { + r-(0)l ""^ < f ^-^^] r-T^ Vr > 

and (O) follows. □ 

Lemma 1.4. For an?/ /i > 0, there exists a constant rj > and a solution f of (II. ip . 
(II. 2p . m (0, oo) i/iai satisfies 

POD 

f{r)dr = n. (1.10) 







Proof. By Lemma [1.21 there exists a solution 0(r) of 



U-m 



1 r/2 , 
-</) r0' = 



1 + rri 1 + m 

in (0, oo) which satisfies 0(0) = 1 and 0'(O) = 0. Moreover by Lemma [1.31 



(p (r) dr := Ai < oo. (1.11) 



We now choose the constant rj such that 

1 + m , . 

AiT]— = fi (1.12) 

and let 

/(r) = rj(j){rj~^ r) . (1-13) 
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Then / satisfies 1^ and ([L2]) in (0, oo). By flTTT]) . (frT2|) and (KJ^ . 

f{r) dr = AiT] ^ = /x. 
and ([TTTU]) follows. □ 

Corollary 1.5. For any /i > and T > i/iere exists an even, smooth, positive 
solution v{x,t) of f lO.lQp m M x (0,T) which satisfies 

/ t) = 2/i(T - t) Vt G [0, T). 

Proof. Let and / be as in Lemma 11.41 and let 

1 / -T 

v{x,t) = {T~t) — f i\x\{T-t)^ 
The V is an even smooth solution of flO.lQp in M x (0, T) with 

POO 

v{x,t)dx = 2{T-t) / f{r)dr = 2^i{T -t) 
Jo 

and the corollary follows. □ 



Lemma 1.6. Let /i > and let f be as in Lemma \1.4\ Then r ^f{r) increases to 
(/i|m|)m as r ^ oo. Moreover there exist constants a > and > a/(/i|m|) such 
that 

{fi\m\r + a)™ < /(r) < (/i|m|r)™ Vr > Tq. (1-14) 
Proof. Let w(r) = r^mf{r). By direct computation li'(r) satisfies 

w' \' 2 f w' \ mi, , , , , 

+ r^w;' = in(0,oo). (1.15) 



my ^ my 1 + m 

By Lemma [1.11 (11. 3p holds in (0, oo). Then 

w'(r) = -— r"(™+^)(/(r) -mr/'(r)) > Vr > 0. (1.16) 

m 

Let 



5((r) = exp ( -^^p — / p^w ™(p) rfp ) Vr > 0. 







Then g'{r) = —^^^r^w^ ^{r)g{r). Multiplying (ll.lSp by r'^g{r) and integrating over 
(0,r), 

w'{r) 1]"^ 



r gir)— -— 



(1.17) 

m 



By (insD, 



g{r) > exp 



m 



-w^-'^m p-dp] -.= Vr > 2 
l + m J I 



for some constant c > 0. Hence by f ll.l6p . fll.l7p . and ( ll.lSp . 

w'(r) C 
< , . . < — Vr > 2 



for some constant C > 0. Thus 



w\r) 

r — — — 7- U as r — )■ oo. 



By (US]), (US]) and ffTTnl) . 



Hence by fOO]) and f fTTT]) . 



= lim 



w'(r) 



lim 

r— >oo 



+ 



lim^^oo w"(r) 



:i.l9) 



[1.20) 



:i.2i) 



-p. 



Thus hmr_,.oow(r) = (/i|m|)'". By fll.lQp there exists a constant a > such that 



|w™'(r) — p\m\ I < 



^'")'(P) dp 



for any r > 2 and (11.141) follows. 



< / |m|t(;™' {p)w (p) dp < a / p dp = a/r 



□ 



Corollary 1.7. Let /i > 0, T > 0, and let v{x,t) be as in Corollary \1.5[ Then 
\x\~mv[x,t) increases to {p\m\)^ as \x\ oo uniformly onO<t<T — 6 for any 
6 > 0. Moreover there exist constants a > and Tq > a/{p\m\) such that 

{p\m\\x\ + a{T — t) < f (x, t) < (/i|m| IxD™ 

holds for any \x\ > ro{T — t)^^ and < t < T. 



2 Properties of the Green funct ion in f — J?, R 

In this section we will prove some properties of the Green function for the Laplace 
operator on = {—R, R). For any R > and / G L^{Ir), let 



GR{x,y) 



{R+y){R-x) 
2R 

{R~y)(R+x) 
2R 



a -R<y < X < R 
ii -R<x <y <R 



and 



Then 



GRif){x) 



R 



GRix,y)f{y) dy. 



R 



GR{f){x) = -— 



r {R + y){R- x)f{y) dy + ^(i? -y){R + x)f{y) dy 

J~R Jx 



■ (2.1) 



Lemma 2.1. The function Gr{x, y) is the Green function for the Laplacian in [—R, R] . 
Proof By O GR{f){±R) = and 



GrUKx) 



1 

'2R 



+ xR 

Then by direction computation 



R' r f{y)dy + R( r yf{y)dy- ryf{y)dy 

J-R ^J-R Jx 

f{y)dy- f{y)dy^-x yf{y)dy 



{GrU))'{x) = - 



2R 



R 



R 



f{y)dy~ / f{y)dy 



R 



R 



yf{y) dy 



R 



and 



= fix) V/ e X e Ir. 



Hence the second derivatives of Gii{x,y) is the Dirac delta function in a distribution 
sense. Thus the function Gr{x, y) is the Greens function for the Laplacian in [— -R, R\. 

□ 



We next introduce the operator 



G*R{f){^) 



r 



[GR{x,y)-G{Q,y)]f{y)dy 



(2.2) 



-R. 



where i? > and / G L^{{—R, R)). Note that by direct computation 

G*M-")ix) = f{x)-f{0) 
for any function / G G'^[—R,R] such that f{R) = f{—R). 
Lemma 2.2. Let < f e L\R) satisfy 

\f{x)\<G\x\^ W\x\>Ro (2.3) 



10 



for some constant Rq > 1. Then 



\x\ 

Y 



fdx- 9r{x) 



<9{x) W\x\<R,R>Ro 



(2.4) 



for some functions 6r{-) G L^{—R,R) and 9{-) G L\^^{E.) which satisfy 

9r{x) = \x\ ■ o{R) as R ^ CO and 6{x) = o{\x\) as \x\ — )■ oo. (2.5) 



I1 + I2 + h 



Proof. By direct computation, 



G«(/)(x) = - / yf{y)dy- 



where 



and 



X 



f{y) dy 



fiy) dy] + 



R 



2R 



R 



yf{y) dy 



R 



/•X 

^1 = - / yf{y)dy, 

Jo 



X 

'2 



R 



f{y)dy- I f{y)dy 

-R 



^ljf(y)dy- 



By (m 

\yf{y)\<C\y\'^^ ^0 as|y|^oo. 
Hence if yf{y) dy = 00, then by the I'Hospital rule, 

hm — = — hm xf{x) = 0. 

rr— >-co X x^oo 



Similarly if yfiy) dy = 00, then 



If i//(i/) G LHM), then 

Similarly 

Now 



lim — = 0. 

x-¥—oo X 



lim = 0. 



lim I3 = 0. 

R-^00 



\x\ 

Y 



fdy 



hr / fdy+ / fdy + 



\x\ 

T 
T 



R 



-R 



R 



00 
00 



(2.6) 

(2.7) 

(2.8) 
(2.9) 



fdy] iiO<x<R 



fdy+ fdy+ fdy] ii-R<x<0. 



R 
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Then by (lO) . 

/2 - ^ / / rfy < V|x| < R (2.10) 

for some constant C > 0. Let 9r{x) = I^, 0{x) = Ji + e(a;), where e(a;) = C|xp^™. 
Since 

eix) 

hm -j— j- = as |a;| — t- oo, 

x|— J-oo X 

by (EH), (Q, (EH]), (EH]), and fl2J0l) we get (El]) and the lemma follows. □ 



3 Convergence of the Dirichlet solutions 

In this section we will use a modification of the technique of P. Daskalopoulos and 
M.A.Del Pino |DP] to prove the convergence of solutions of the Dirichlet problem 
(107]) to the solution of that satisfies as R^oo. 

For any i? > 1, /i > 0, and e G (0, 1), let be the unique solution of (10. 7p with 
initial data u^'^{x, 0) = uq{x) + e (cf. [ERV] . |Hul] ). By an argument similar to the 
proof of Lemma 2.2 of |Hu2] uf'^ satisfies the Aronson-Benilan inequality 

ut < (3.1) 
(1 — m)t 

in X (0, oo). Since by the maximum principle < u^_^^ < uf^^^ for any e2> Si> 0, 

u^^^ = limwf''^ 

£-)>0 

exists. When there is no ambiguity, we will drop the superscript fj, and write u^, u^, 
for M^''^ and u^'^ respectively. 

Theorem 3.1. Let fi > and < uq e L°°(R) be such that 

Mx) < {f^o\m\\x\)^ V|x| > i?o (3.2) 

for some constant Rq > 1 and < /io < /U. Then = uf^'^ converges uniformly on 
every compact subset ofM.x (0, T) as R ^ oo to a solution u of (10. 2p which satisfies 
(10. 8 p and (10. 9p uniformly on [a, h] for any < a < b < T where T is given by (lO.lOp . 

We will prove Theorem 13. II in section 4. In this section we will prove the following 
sequential version of Theorem 13.11 

Theorem 3.2. Let fi > and < uq E L°°(K) be such that (13. 2 p holds for some 
constant Rq > 1. Let {Rk} be a sequence such that Rk > ^ for all A; G Z+ and 
Rk ^ oo as k ^ oo. Then there exists a subsequence {-RJ.} of {Rk} such that 
u^k = u^k^^ converges uniformly on every compact subset o/M x (0, T) as k ^ oo to 
a solution u of (10. 2p which satisfies (10. 8p where T is given by (lO.lOp . 
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Proof. Our construction goes as follows. For any /i > 0, we solve the boundary 
value problem (10. 7p on a sequence of expanding cylindrical domains Ir^, x [0, oo), 
iRk = {—Rk,Rk)- We then use the self-similar solutions constructed in section one 
as barriers in an average sense to show that the limit of those solutions along a 
subsequence of {Rk} converges to a solution of (10.21) that satisfies (10.81) as Rk — )■ oo. 

For any < 5 < T let v'^~^^, be the self-similar solutions given by Corollary 

(II. 5p which satisfy 



and 



Since by flOAO|) . 



,T+<5 



v^-\x, t) dx = 2/i(T -5-t) VO < t < T - 5. (3.4) 



{x,t)dx = 2fx{T + S-t) yO<t<T + S (3.3) 



uq dx = 2/iT, 



it follows from (13. 3p . (13. 4p . and Lemma [2^21 that there exists R'q > Rq and h > such 
that 

-ls + G},{v^~\;0)){x) < G},{uo){x) < GUv^+\;0)){x) + ls V|x| < R (3.5) 

for any R> R'q. Without loss of generality we may assume that R'q = Rq and Rk > Rq 
for all k G Z"*". We will also assume that R> Rq for the rest of the paper. 

We will next show that there exists a subsequence of {Rk} which we will still 
denote by {Rk} and a nonnegative constant Ls such that 

-Ls + G*j,^{v^-'{;t)){x) < G^,(^^'=(-,))(x) < G},^{v^+'{;t)){x) + Ls (3.6) 

holds for any |a;| < Rk, ^ t < T ~ 36, and k G Tj^ . We first prove the left hand side 
of (EJD. Let 

Wix,t) = GUuf{;t)-v''-\;mx). 

We will prove that W{x, t) > —Ls for |x| < R and < t < T — 26 using the maximum 
principle. By direct computation, 



W, = G}, 

where 



m 



a{x,t)W^^ - h{t) 



and 

^^^^ _ i^frm - jv^-Tm 



m 
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Note that 

bit) < ^ / , < — , , ^ ^ ' ' VO < t < T - 2(5. (3.7) 

\m\ \m\ 

Hence 

b{t) <B VO < t < T - 2(5 

for some constant B < oo. Therefore, if we set W = W + Bt, then W{x,t) satisfies 
the differential inequahty 

Wt>a{x,t)W,, in Jh X (0,T-25). (3.8) 

By _ 

W{x, 0) = W{x, 0) > -Is W\x\ < R. (3.9) 

By Corollary 11.71 \x\~^v'^~^{x,t) increases to (/i|m|)™ uniformly on < t < T — 25 
as |x| — )■ oo. Thus 

(v^-^)"'(x t) 

^ < -/ikl V|x|>0. 

m 

Hence 

VW^fl>0. (3.10) 

m m 

Since 

WAx, t) = ^ ^—(x, t) - hit) + B Vlxl = i?, < t < T - 2(5, 

m 

by (EIOD, _ 

Wj(x, t) > -hit) + 5 > V|x| = i?, < t < T - 2(5. 

^ H^(a;,t) > Vr(x,0) > -/^ V|x| = i?, < t < T - 2(5. (3.11) 
Then by (13. Sp . (13. 9p . (13. lip , and the maximum principle, 

Wix, t) > -Is, y\x\ <R, < t < T - 2(5. (3.12) 
Letting e ^ in f lXT^ . 

G'r(w'^(->^))W > G^(^^'^"^(-,t))(a;) -^5 V|x| </2,0<t <T-2(5 (3.13) 

where Ls is any number greater than or equal to Is + BT. 

Before we show the right hand side of (13. 6p . we will first construct the solution u 
of f RTT^ . For any < r < let 



^(^) = 11 [GRix, y) - Gr(0, y)] daix) 

^ J\x\=r 



GRir,y) + GRi-r,y) . 
GRiO,y) 
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Then by direct computation, 

H{r) 



^-Y^ if \y\ < r 
if \y\ > r 



(3.14) 



holds for any < r < R. Putting x = ±r and averaging on both sides of fl3.13p . By 

(EH, 

IJ ir-\y\)u''{y,t)dy>^J {r - \y\)v^-\y,t) dy - Ls \/0 < r < R. 



By integration by parts. 



u^{x,t) dx 



dp > 



v^'\x,t) dx 



dp - Ls 



(3.15) 



holds for any < r < i? and < t < T — 25. We now recall that the special solutions 
f has the form 



v'^\x,t) = {T±6-t) — f i^\x\{T ± 6 - t)- 
with Jq°° /(r) dr = fi where / is given by Lemma [1.4[ By direct computation, 

r>a(t)r 



v'^^\x,t) dx 



dp= {T±6-tY+^r. 



IJQ 



f{r) dr 



dp (3.16) 



where a{t) = {T - 5 - t)^ for and a{t) = {T + 6 - t)^ for v^+^. Let 
/X > 5' > be a constant to be determined later. Since 



/(r) dr = p, 



then there exists Rq > Rq such that 



We now choose 



r f{r)dr>p-6' p>R!i 
Jo 

p6 



< 6' < min ( p 



T-6 



Then {T-S-t){p- S') >{T -25- t)p holds for any < t < T - 25. Hence 



v'^-^x.t) dx 



dp>{T-5- tf^^- 



a{t)r 



R'n 



f{r) dr 



dp 



>iT-5- tf+^ {p - 5') (a(t)r - /?[() 

> p{T -25 -t)(r - {T - 5 -t)^R!^ (3.17) 
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holds for any < t < T - 25 and r > S^R^. Then by ( 13T5|) and ( 1317]) . 



dp>ij{T-t- 26) (r-{T-t- 6)^R'^ - Ls (3.18) 



holds for any < t < T - 26 and r > 6^Rq. 

Claim: Given any < 5 < T/3 the sequence {Rk} has a subsequence still denoted by 
{Rk} such that as A; — )■ oo and ■u'^*^ will converge uniformly on every compact subset 
of M X (0, T - 36] to a solution of flaTOjl in M x (0, T - 35) that satisfies for 
any < t < T - 35. 

To prove the claim, we first observe that there exists a;o € K such that 



limsupw^Ha^cT- (5/2)5) > 0. 

Rfe^oo 



(3.19) 



Indeed, if \im sup f.^^u^''{x,T — (5/2)5) = for all a; G M, then by the Lebesque 
Dominated Convergence Theorem, 



lim sup - 

fe— foo 2 



u^'={x,T - {5/2)6)dx 



dp = Vr > 



which contradicts fl3.18p since the right hand side of f l3.18p is strictly positive for 
< t < T — (5/2)5 and r sufficiently large. Hence f l3.19p holds for some Xq G M. It 
then follows from fl3.19p that there exists a;o G M, a subsequence of {u^''} which we 
still denoted by {u^''}, and a constant c > such that 

M^'=(xo, T - (5/2)5) > Co > V/c G Z+ (3.20) 

for some constant cq > 0. For any tq > and Sq G (0,T — 35), let K{ro,So) = 
Iroixo) X [sq,T — 35]. Since satisfies the Aronson-Benilan inequality (13. ip . by 
Lemma 3.2 of |Hu4] and an argument similar to the proof of Lemma 2.8 of jHulj we 
have the following Harnack type estimate. For any tq > 0, 5i > 0, and sq G (0, T— 35), 
there exist constants Ci > and C2 > depending on m, T, 5, 5i and ||mo||l°° such 
that 

uf{y,t) > (Ci(wf)™(xo,T- (5/2)5) + C2)^ (3.21) 
holds for any {y, t) G K{r-Q, sq) and R> tq + 61. Letting e — in f l3.2ip . 

u^'iy^t) > (Ci(w«)™(xo,T- (5/2)5) + C2)^ (3.22) 

holds for any {y, t) G K{rQ, Sq) and > Tq + 5i. By ^M) and 

n^*(2/,^) >c(i^(^o,So)) >0 Vi?fc >ro + 5i,(y,t) Gir(ro,So) (3.23) 

for some constant c(i^(ro, sq)). Hence the sequence {m^*} is uniformly bounded below 
by some positive constant on any compact subset of M x (0, T — 35] for all k sufficiently 
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large. Since the sequence {m^*} is uniformly bounded from above by HmqUoo, by the 
Schauder estimates for parabolic equations |LSU] the sequence {u^''} is equi-Holder 
continuous on every compact subsets of M x (0, T — 35]. Hence by the Ascoli Theorem 
and a diagonalization argument there exists a subsequence we will still denoted by 
{u^''} that converges uniformly on every compact subsets of M x (0,T — 36] to a 
solution of flOTTQl) in M x (0, T - 35]. 
It remains to show that 

u\-,t)-^Uo in L^(M) as t ^ 0. 

Since uf satisfies ([31]), satisfies ^li). By for u^" and ^Ml, 



t~ 



—M^^(x,T- (5/2)5) > 



t~ 



Cq- 



_1 

I 1 — m 



(T- (5/2)5)1^ (T -(5/2)5)- 

holds for any \x\ < Rk, < t < T — 35 and k G Z+. Letting — )■ oo in f l3.24p . 

1 

Vx G M, < t < T - 35. 



(3.24) 



U (x, t) > Cn — 

[T - (5/2)5) 
Thus for any i; E C^iR), by (Km . 

u^{x,t)ip{x) dx — / Uo{x)ip{x) dx 



1 

1 — m 



(3.25) 



[u^)t{x, s)'ijj{x) dxds 



[u^)'^{x,s) 



m 



ip{x) dxds 



(m'^)™(x,s) 



< 



m 

,5\m 



ipxx (x) dxds 



u^)'^{x,s) 



m 



< C SI-"' ds 



\ijjxx{x)\ dxds 



= C{1 — m)t^-^ 
as t 

Hence u^{-,t) — )■ uq weakly in L-^(R) as t — )■ 0. Then any sequence {ti}, — )■ as 
z — )■ 0, has a subsequence which we still denote by {ti} such that u^{-,ti) uq a.e. 
in M as i — )■ oo. 

Let 0(x) := (/io|m|(|x| — Rq))^ . We claim that 



u\x,t) < 0(x) = (/io|m|(|x| - i?o))- V|x| > i?o, < t < T - 35. 



(3.26) 
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Suppose the claim holds. Since G oo, — 2i?o) U (2_Ro, c>o)) and < HmoHl"", 

by the Lebesgue dominated convergence theorem u^{-,ti) — )■ uq in L^(M) as i — )■ oo. 
Since the sequence {U} is arbitrary, u^{-,t) — )■ uq in L^(]R) as t — )■ 0. Hence is a 
solution of (lis]) in M X (0, T - 35). 

We will now prove the above claim. Let R > Rq and 

0<5i< min((i? - i?o)/2, (||no||Loo + 1^ / {f^o\m\)) . 

Then 

(/.(±(i?o + > ll^iolU- + 1 > u^iMRo + Si)) and 0(±i?) > nf (±i?) 

for any < e < 1. Hence by (13. 2p and an argument similar to the proof of Lemma 
2.3 of [DK] and Lemma 2.5 of jHu3) . for any < e < 1, 

{uf{x,t) - (p{x))+dx < {uf{x,ti)-(f){x))+dx Vt>ti>0 

ii;o+<5i<lx|<R Jro+Si<\x\<R 



— > / {e + uo — (j))+ dx as ti — 7- 

J Ro+Si<\x\<R 

<2e{R -Ro- 5i) Vt > 0. (3.27) 



Letting e and (5i in (jMB, 

{u^{x,t) - (j){x))+dx <0 Vt>0. 



/ 

Jr, 



'Ro<\x\<R 

Hence 

u^{x,t) < 0(x) = ifi\m\{\x\ - i?o))- Vi?o < kl < > 0. (3.28) 

Putting R = Rk in (13.281) and letting A; — oo we get (13.261) and the claim follows. 
We will now prove the right hand side of (13. 6p . Let 

Zix,t) = G}, («f^(.,^)-^;^+^(.,t)) (x). 
Then Z{x,t) satisfies the equation Zf = d{x,t)Zj.j. — e{t) with 

(„.Rk\m _ ( T+5\m 

d{x,t) = \ ^x,t) 

and 

^ {uf-)^{Q,t)-{v^+')^m 
m 

Since uf'^ > by (^^, 

eW>-<""'n°-')> ^^ = -«A VO<t<T-M 

\m\ \m\{T-f) — 
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where D = c™/(|m|(T — y)^"™)- Therefore, if we set Z = Z — D JqS^-"^ ds, then 
Z{x, t) satisfies 

Zt<d{x,t)Z^^ V|a;| < i?fc,0 < t < T-35. 
At t = we have Z{x, 0) = Z{x, 0) < U. Now 
~ ^ {uf^){x,t)-{v^+'r{x,t) ^^^^ ^ (t;^+^r(x,t)-(^f'-)(x,t) ^ 29) 



By Corollary 11.71 there exist constants a > and ro > a/{fi\m\) such that 

> (/i|m||a;| + a(T + 5 - t)TT^)^ 
holds for any |x| > ro(T + 5 — t) i+™ and < t < T + 6. Hence 

{v^+^)"'{x, t) < ij\m\ \x\ + a{T + 6 - t)^ (3.30) 

m 

for any |x| > ro(4o) i+™ and < t < T — 35. By passing to a subsequence if necessary 

m 

we may assume without loss of generality that Rk > ro(4o)i+'" for all k G Then 
by dSJQD, 



(3.31) 



((t;^+^)™-M")(±i?fc,t) < a(r + 5)^ VO <t < T-35. 
By (Km and fl33T|) . 

Zt(±i?fc,t) < a(T + 5)^ V0<t<r-35. 
Let Z = Z — a{T + 5) Then Z{x, t) satisfies 

Zt<d{x,t)Z^^ ^\x\ < Rk,0 <t <T -36, 
Z{x,0) = Z{x,0) <ls y\x\<Rk, 

and 

Zt{±Rk, t) <0 VO < t < T - 35 
^ Z{±Rk,t) < Z{±Rk,0) <l5 V0<t<T-35. 

Then by the maximum principle Z < Is in {—Rj, Rj) x (0, T — 36), which implies the 
right hand side (13. 6p with 

Ls = l5 + max{BT, (1 - m)DT^ + a{T + 6)^T). 

Now by putting x = ±r, r > 0, into the right hand side of (13. 6p and averaging we 
get after simplifying as before that 



u^''{x, t) dx 



dp < 



2 
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^{x,t)dx 



dp + Ls 



holds for any < r < Rk, < t < T — 3S and k G Z"*". Letting — )■ oo, 



u^{x, t) dx 



dp < 



^(yX, i) dx 



dp + Lf, 



(3.32) 



holds for any r > and < t < T - 35. By (l3J6|) . 



rfp < (T + 5 - t)/ir. 



(3.33) 



By (13:32|) and ([331, 



m'^(x, t) dx 



dp<{T + 5- t)pr + Ls 



(3.34) 



holds for any r > and < t < T — 35. By (13.18^ and (13.34^ the solution satisfies 



u^[x, t) dx 



dp < piT-t+25) + y (3.35) 



for all r > S^+"^Rq and < t < T — 36 where ao = (25) i+™.i?Q. Now for any bounded 
non-negative integrable function h on M, we have 



and 



Then 



j\.r 



1 r 



2r 



hdx 





- rP 
I hdx 


Jo 


J -P 



dp<-\\h\\Li Vr > 



dp > 



r-Ri 
2r 



hdx Vr > i?i > 0. 



Ri 



1 f^^ 1 

- / hdx < liminf < limsupA^ < V-Ri > 0. 

2 J -R^ 2 



Letting _Ri — )• 00, 



lim — 

) — >ca 2r 



[ [ hdx dp = I- [ h{x) dx VO < /i G L\R). 
Jo U-p J ^ Jr 



Since < ||no||L°°, letting r — )■ 00 in f l3.35p by fl3.26p and the Lebesgue dominated 
convergence theorem, 



/i(r - t - 25) < ^ [ u\x, t) dx< p{T~t + 25). 



(3.36) 



It remains to construct a solution u of the problem (10. 2 p which is defined up to time 
T and satisfies (10.81) . Let {Sk}'kLi be a decreasing sequence of positive numbers such 
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that 5k 0. By the previous argument there exists a subsequence {R\} of {Rk\ such 
that converges to a solution u^^ of (10 ■2p uniformly on every compact subsets of 
Mx (0,T-3(5i] as fc^oo. 

We construct inductively. For any j > 1 suppose {-R^lfcli is a subsequence 
of such that u^'^ converges to a solution u^^ of (ESI) in M x (0,T - 35^) 

uniformly on every compact subsets of M x (0, T — 35j] as /c — oo. By repeating the 

above argument the sequence {i?;^}^]^ has a subsequence {-Rfc^^j^^i such that m^^^ 
converges uniformly to some solution u^^+^ of (10. 2p in M x (0,T — 35j+i) on every 
compact subsets of M x (0, T — 35j+i] as /c — )■ oo. 

By construction we have u^^ = u^^-^ on M x (0, T — 36j] for any j > 1. Hence if we 
define u{x,t) = u^^{x,t) for any xGM, 0<t<T — 3Sj, and j > 1, then -u satisfies 
(10. 2 p on M X (0, T). Putting 6 = 6j in (I3.36P and letting j — oo we get that u satisfies 
(10. 8 p and the theorem follows. 

□ 

By the construction of solution of (10. 2p in Theorem 13.21 we have the following two 
corollaries. 

Corollary 3.3. For any /i2 > yUi > and < uq E L°°(R) such that (13. 2p holds 
for some constants Rq > 1 and < /io < /^i with fJ^ = fJ^2 if and u^^ are the 
solutions of (10. 2 p m M x (0,T^J and M x (OjT^j) resepctively given by Theorem \3.^ 
which satisfies (10. 8 p with /i = /ii, /i2 m M x (0, T^J and M x (0, T^j) resepctively where 
T^^ is given by (lO.lOp with /i = /ii,/i2 respectively, then u^^ — ""mi x (0!^At2)- 

Corollary 3.4 (cf. [ERV] ). Let < Uq E k an even function such that (lO) 

/ioWs /or some constant Ro > 1 and fiQ > For any fi > fi' > let u^i be the solution 
of (10. 2p m M X (0,T^') g'zwen 5?/ Theorem \3.S\ which satisfies (10. 8 p where T^i is given 
by (lO.lOp with 5emg' replaced by /x'. T/ien m^/ wz// increase and converge to the global 
solution u of (10. 2p m M x (0, oo) which satisfies 

I u{x,t)dx= / uo{x) dx Vt > 0. 

as fj,' —7- 0. 

4 Uniqueness of solution 

In this section we will use a modification of the technique of |Hs2] to prove that the 
solution of (10. 2 p constructed in section three by the Dirichlet approximation and the 
solution of (10. 2p constructed in |Hu3j by the Neumann approximation are equal. We 
will also prove the convergence of solutions of (10. 7p and (I0.14p as i? — )• oo. 

We first observe that by Theorem 13.21 Corollary 13.41 and an argument similar to 
the proof of Theorem 1.3 of |DP] we have the following two results. 
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Lemma 4.1. Suppose < mq G Z/°°(R) satisfies (13. 2 p /or some constants fiQ > 0, 
i?o > 1, a?^<^ / = ^ili/^iX/i function on [0,Tq) where = < ai < 

■ ■ ■ < = Tq is a partition of the interval [0,To], Jj = [aj_i,aj), /ij > for all 
i = 1,2, ■ ■ ■ ,io such that 



'0 /. 

2^/ii(ai - aj_i) > / 
i=i 



uq dx. 



Let T G (0, To] he given by (10.131) and ctjo-i < ^ < %o /^'^ some jo G {1, 2, ... , io}- 
Let Ui he the solution of (I0.19P m M x (0,ai) g'zwen hy Theorem IJ.jjl or Corollary 
3.4\ which satisfies (10. 80 wi/i / = /ii anc? Mi(-,t) — )■ mq m L-'^(]R) as t — 0. For 



eac/i i = 2, 3, ■ ■ ■ , jo ~ 1; -Uj 6e i/ie solution of (I0.19P m R x (0, — aj_i) g'zwen 
61/ Theorem \3.^ or Corollary which satisfies (10. 80 wi/i / = /ij, % = and 



Ui{-,t) — 7- Mj_i(a;, aj_i) m L-'^(M) as t — 0. Let uj^ be the solution of (I0.19P in 
M X (0,T — fljo-i) g'Zfen 6?/ Theorem \3.2\ or Corollary \3.4\ which satisfies (10. 8p with 
f = fii, Uq = Uj^_i, and UjfX-,t) — ?■ aj„_i) in L^(M) as t — )■ 0. T/ien t/ie 

function u defined by u{x, t) = Ui{x, t — aj„i) for x G M, t G [flj-i, Oj), z = 1, 2, ■ ■ ■ , Zq, 
is a solution of (10.20 m M x (0,T) which satisfies (10.111) . 

Lemma 4.2. Suppose < % G L°°(R) satisfies (13. 2 p /or some constants fiQ > 0, 

Rq > 1, and < / G C([0,oo)). For any k = 1,2, let fk = Yl'i=if^iXii where 
fii = supj. /, Ii = [aj_i,aj), Oo = 0, aj = iT/2^, for all i = 1,2, ■■ ■ ,2^, and T is 
given (10.130 . Let Vk be the solution of (10. 2 p in M x (0,Tfc) given by Lemma\4^ which 



satisfies ( 10. lip in R x (0, Tk) with f being replaced by fk where Tk is given by ( ]0.13p 
with f = fk- Then Vk+i ^ Vk on R x (0, Tk) for all k = 1,2, ■■■ , and as k ^ 00 Vk 
will converge uniformly on every compact subset o/R x (0, T) to a solution u of (10. 2p 
in R X (0, T) that satisfies flOTT]) . 

Lemma 4.3. Suppose < mo G L°°(R) satisfies (13. 2 p /or some constants fiQ > 0, 
i?o > 1- If u is the solution of (10. 2 p in R x (0,T^) g'iwen 6y Theorem \3.2\ which 
satisfies (10. 8p where T^ is given by (lO.lOp . i/ien m satisfies (10. 9 P uniformly on [a,b] 
for any < a < 6 < T^. 

Proof Let {-RfcjfcLi be a sequence of positive numbers such that i?^ — >■ 00 as A; — >■ 00. 
By the proof of Theorem 13.21 the sequence {-R^}^^ has a subsequence which we still 
denote by {i?^}^^ such that the sequence of solution {u^'"^}'^^^ of (10. 7p with R = Rk 
converges uniformly on every compact subset of R x (0,T^) to n as A; — ?■ 00. 

For any /i2 > /i > /ii > 0, let m^^, n^j, be the solutions of (10. 2p in R x (0,T^J 
and R x (0,T^2) respectively constructed by the Neumann approximation given by 
Theorem 4.6 of |Hu3] where T^^, T^^ is given by (lO.lOp with /i = fii, fi2 respectively. 
Then by |Hu3] u^-^ and u^^ satisfy (10. 8p with fi = /ii,/i2 respectively and (10. 9 p with 
fi = /ii, fi2 uniformly on [a, b] for any < a < 6 < T^., i = 1, 2, respectively. Moreover 
= Jf,uodx/2jj,i >T^> T^^ = J^uodx/2jj,2. 
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Since satisfies (10. 9 p with jj, = jii and n — jii > 0, for any < ti < ^2 < 
tfiere exists > 1 sucli tliat 

> -/ii - — - — = — Vx > ro, ti<t< t2 

mx \ 2 I 2 



and 



Hence 



< /il + — r — = — r — Vx < -ro, h <t < t2. 

mx 



u^j^{x,t) > ( ^ j Y|2;| > ro, ti <t < t2- 



Tfius 

^I^,(±i?fe,t) > (/i|m|i?fc)™ =Mf'='^(±i?fc,t) V|a;| = > ro, ti < t < ta, < £ < 1. 

Hence by (I3.2p and an argument similar to tlie proof of Lemma 2.3 of |DKj and 
Lemma 2.5 of [Hu3j . for any < £ < 1, ti < t' < t < ^2, 

(Mf^''^(x,t) < / {u^^^^{x,t')-u^,{x,t'))+dx (4.1) 



e " y ""Ml 

Letting e in (l4Al) . 

{u^'"''{x,t) -u^,{x,t))+dx < {u^^'^ix^t') -u^^{x,t'))+dx (4.2) 

Since u^*''^ satisfies (ESHD in (//?, \ J/jJ x (0,r^), letting ^ oo in (g^D by the 
Lebesgue dominated convergence theorem we get 



{u{x,t) — Ufj_^{x,t))^dx < / {u{x,t') — Ufj_^{x,t'))+dx (4.3) 
Letting t' ^ in (M . 

{u{x,t) -u^,{x,t))+dx <0 \/0<t<t2. (4.4) 

Since t2 is arbitrary, 

u{x, t) < u^, (x, t) Vx e M, < t < T^. 

Similarly 

u{x,t) > u^^{x,t) Vx e M, < t < T^2. 
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Hence 



mx mx mx 



(4.5) 



> 



vo < t < n^,x < 0. 



mx mx mx 

Let < a < b < and e > 0. We now choose /i2 > sufficiently close to /i such that 
T^2 > b and max{/i2 — fi, fj. — fii} < |. Since m^^, m^j, satisfies f lU.9p with /x = fii, fi2, 
there exists ri > 1 such that \fx>ri,a<t<b, 



< -/ii + I < -/i + e 
> -/i2 - f > -Ai - e 



and Va; < — ri, a <t < b, 



mx 



>/ii-|>;U-e 
< + f < + e. 



By (USD, dMl), and (HZ]) 



M™(a;,t) 



+ /i 



< e V|x| >ri,a<t<b. 



Hence u satisfies (10.91) and the lemma follows. 



(4.6) 



(4.7) 



□ 



Corollary 4.4. Suppose < mq G L°°(M) satisfies (13.21) for some constants fio > 0, 
Rq > 1, and f = YlT=if^iXii o, step function on [0,T) where = ao < ai < 
■ ■ ■ < = Tq is a partition of the interval [0,To], Jj = [ai-i,ai), > for all 



1,2, 



, io such that 



«0 



2^/ij(ai 



Lei M 6e i/ie solution of (10.21) m R x (0,T) g'zwen 6?/ Lemma 4-1 which satisfies (10.111) 
where T is given by (10.131) . Let jo ^ {1, • • • ,"^0} be such that ctjo-i < T < a^g. Then 
u satisfies (I0.12p uniformly in [a, b] for all a'-_^ < a < b < a[ with a- = Oj for all 
^ = 1,2, ■ ■ ■ , jo - 1, and a^., = T. 



By Corollary 14. 4^ (3.25), and an argument similar to the proof of Theorem 1.11 
of |Hs2j we have the following lemma. 



Lemma 4.5. Suppose < uq G L°°(R) satisfies (13. 2p for some constants jiQ > 0, 
Rq > 1, and < f E C([0, 00)). If u is the solution of (10. 2p m M x (0,T) given by 
Lemma which satisfies (10. lip , t/ien u satisfies (I0.12p uniformly in [a,b] for any 
< a < 6 < T. 
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Lemma 4.6 (cf. Theorem 1.12 in |Hs2j ). Suppose < mq,! < mo,2 ^ -C/^(M) and j\, 
/2 G C([0, cxd)) are sfic/i t/iat /i > /2 on [0, cxd). Ij U\, U2 are the solutions of (10. 2p m 
Mx (0,T) with initial dates mo,i, mo,2 which satisfy ( 10. lip on (0,T) withuo = mo,i,mo,2 
anc? / = /i, /2, respectively, and (I0.12p uniformly on [a, b] with f = fi, f2, respectively 
for any < a < b < T , then Ui < U2 on M. x (0, T) . 

Proo/ Let G C^(M), < < 1 be such that ip{x) = 1 for < 1 and ip{x) = 
for I a; I > 2. For any R > 0, let ipR = ip{x/R). Then by the Kato inequahty [K] . 

— / {ui- U2) + {x,t)'^R{x)dx < I (— -] LpR^^^{x)dx 

ot Jr jR\m mj^ 



Jr<\x\<2R \ m m 

(4.8) 

Since /i > /2 on [0, oo), there exists a constant e > such that /i — /2 > £ on [0, T]. 
Let Q < a < b < T . Since both mi and U2 satisfy (I0.12p uniformly on [a, b] with 
f = fii f2i respectively. There exist a constant ro > 1 such that 



< -/iW + l V|x| >ro, a<t<6 
> -f2{t) - I V|x| > /?o, a < t < 6 



Hence 

for all \x\ > tq, a < t < b. By (14. 8 p we get 



d_ 
dt 



{ui — U2) + (x, t)ipR{x) dx < V-R > To, a < t < 6. 



Hence 



iui-U2)+{x,b)(pR{x)dx < / (mi -M2)+(x,a)v5ij(x)(ia; 

Jr 

{ui — U2) + {x,b) dx < I {ui — U2)+{x, a) dx as -R — )■ oo 



for all < a < 6 < T. Letting a 0, 

{ui-U2)+ix,b)dx <0 yO<b<T 

Jr 

ui <U2 in M X (0, T) 
and the theorem follows. □ 
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Theorem 4.7. Let < uq E L°°(M.) satisfy (13.21) for some constants /io > 0, -Rq > 1, 
< / G C{[0,oo)), and T be given by (10.131) . Suppose u is the solution of (10. 2p in 
M. X (0, T) which satisfies (10. lip and (10.12^ uniformly on [a, b] for any < a < b < T . 
Let {fk}'k+i C C([0,cxd)) &e a sequence of functions such that fk > fk+i > f > on 
[0, T] for all k = 1,2, ■■■ , and fk^fin L^{[0, T]) as k ^ oo. For each k = 1,2, ■ ■ ■ , 
let Uk be a solution of (10. 2 p m M x (0,Tfc) which satisfies (10. lip . (I0.13p . wzi/i / and 
T being replaced by fk and Tk and (I0.12p uniformly on [a, b] for any < a < b < Tk- 
Then Uk converges uniformly on every compact subset ofM.x (0,T) to u as k ^ oo. 



Proof. By Lemma 14.61 

Ukix, t) < Uk+iix, t) < uix, t) V(x, t)eRx{0,Tk), k = l,2,--- , (4.9) 

and by (10. lip Tk increases to T as A; — ?■ oo. Hence for any k^ G Z+ the equation 
(I0.19P for the sequence {uk}k>ko is uniformly parabolic on every compact subset of 
M X (0, Tka)- Hence by the standard Schauder estimates |LSU] the sequence {'UA:}A:>fco 
are equi-Holder continuous on every compact subset of M x {0,Tkg). By the Ascoli 
Theorem and a diagonalization argument the sequence {uk}'^^i has a subsequence 
{"^feili^i that converge uniformly to some function v on every compact subset of 
M X (0, T) as i — )■ oo. Then by (14. 9 p the sequence {uk}'^=i converges uniformly to v 
on every compact subset of M x (0, T) as i — )■ oo. By (14. 9p . 

v{x, t) < u{x, t) V(a;, t) G M x (0, T). (4.10) 

Now since Uk satisfies 

I Uk{x,t)dx= UQdx — 2 fkds VO < t < T^, 
Jr Jr Jo 

letting — )■ oo we get 

[ v{x,t)dx= [ Uodx-2 [ fds VO < t < T. 
Jr Jr Jo 

Since ^ 

/ u{x,t)dx= uodx — 2 fds VO < t < T, 
Jr Jr Jo 

we have 

/ u{x,t)dx= / v{x,t)dx 0<t<T. (4.11) 
Jr Jr 

By f l440|) and f l44T|) . u = v on R x {0,T) and the theorem follows. □ 



Theorem 4.8. Let < uq G L°°(M) satisfy (13. 2p for some constants /io > 0, Rq > 1, 
< / G C([0,oo)), and T be given by ( 10.13p . Suppose u is the solution of ( 10. 2p 
m M X (0, T) which satisfies (10. lip anc? (I0.12p uniformly on [a, b] for any < a < 
b < T and u is the solution of (10. 2 p m M x (0, T) constructed in jHuSf by Neumann 
approximation which also satisfies (lO.lip and (I0.12p uniformly on [a, b] for any < 
a<b<T. Then u = uznRx{0,T) 
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Proof: We choose a sequence of functions {/a:}^i C C([0, oo)) such that fk > fk+i > 
/ > on [0, T] for all A; = 1, 2, ■ ■ ■ , and /fe -> / in ^^([0, T]) as A; ^ oo. For each 
/c = 1, 2, ■ ■ ■ , let Ufe be a solution of ([02]) in M x (0, T^) which satisfies flfUTl) . f l(U3ll . 
with / and T being replaced by fk and Tfc and fl0.12p uniformly on [a, b] for any 
< a < b < Tk- Then by Theorem 14.71 

u = u = lim Ufc 

fc— >oo 

and the theorem follows. □ 

We are now ready for the proof of Theorem 3.1. 

Proof of Theorem 3.1: Let {Rk\'^^i be a sequence of positive numbers such that 
/2fc — )■ oo as — )■ oo. By Theorem 3.2 the sequence {i?^}^^ has a subsequence which 
we may assume without loss of generality to be the sequence itself such that u^'^ 
converges uniformly on every compact subset of M x (0, T) as A; — )■ oo to a solution 
u of (10. 2p which satisfies (10. 8 p where T is given by (lO.lOp . By Lemma (4.31 u satisfies 
(10. 9 p uniformly on [a, b] for any < a < 6 < T. By Theorem 4.8 u is independent 
of the choice of sequence {-Rfcjfc^i- Hence converges uniformly on every compact 
subset of M X (0, T) to n as i? — t- oo and the theorem follows. 

□ 

Theorem 4.9. Let < Mq G satisfy (13. 2p for some constants /io > 0, i?o > 1, 

f,gE C([0,oo)) be such that f{t), g(t) > [Xq on [0, oo), andT be given by (I0.18p . Let 
be the solution of (I0.14p . Then converges uniformly on every compact subset of 
M X (0,T) to a solution u of (10. 2 p which satisfies (lO.lSp . (I0.16P and (I0.17P uniformly 
on [a, 6] for any 0<a<b<TasR^oo. Moreover, the solution is the same as 
the solution of (10. 2 p m M x (0,T) constructed in IHuSf by Neumann approximation 
method. 

Proof Let be a sequence of positive numbers such that — )■ oo as — )■ oo 

and let w^* be the solution of (I0.14p with initial data v^''{x,0) = Uo{x) + e. Let 
fi = max (||/||l°°{o,t)5 ||fl'||L°°(o,T)) and let u^'"^^ be the solution of (10. 7p with initial 
data uf*"^{x, 0) = uq{x) + e. Then, by maximum principle, we have 

=^ w-Rft'^ < in M X (0, oo), as e ^ 0. 

Let 

To = ^ [ uodx. (4.12) 

By Theorem 13. 11 converges uniformly on any compact subsets of M x (0,To) as 
Mfc — )■ oo to a solution it of (10. 2 p which satisfies (10. 8 p and (10. 9 p uniformly on [a, b] for 
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any < a < 6 < Tq in M x (0, Tq). Let Ki be a compact subset of M x (0, Tq). Then 
there exist a constant Cq = Cq{Ki) > such that 



u > Cq > on Ki. 



Hence there exists a constants ko G Z+ and C{Ki) > such that 
yRk > ^flfc.M > c{Ki) > A; > A;o » 1- 

Thus the sequence {w^*}^^ is uniformly bounded below by some positive constant 
on any compact subset of M x (0, Tq) for all k sufficiently large. Since the sequence 
l^flfejoo^^ is uniformly bounded from above by ||mo||l°°, the equation fl0.19p for the 
sequence {u^*}^]^ is uniformly parabolic on every compact subset M x (0, Tq). Hence 
by the Schauder estimates for parabolic equations |LSUj . the sequence {f^*}^]^ is 
equi- Holder continuous on every compact subsets of R x (0,To). Hence any sequence 
{v^^j^^i with Rk — >■ cxo as /c — )■ oo has a subsequence which we may assume without 
loss of generality to be the sequence itself that converges uniformly on every compact 
subset of M X (0, Tq) to a solution v of flUTTU]) in M x (0, Tq) as A; ^ oo. Since by ( K^ . 
v^'' satisfies fl3.28p for Rk > Rq. By an argument similar to the proof of Theorem 
I3.2[ V has initial value uq. Hence f is a solution of (102]) in M X (0, Tq). 
It remains to show that v satisfies f lO.lSp . For any j = 1,2,- 



let fj = Eili/^iX/i, 



^2J 



sup r g + 



9j = l^i=i ^iXh where /i^ = sup^^ / + j 
ai = iT/2^, for alH = 1, 2, ■ ■ ■ , 2^. 

We now consider the solution v^'' {x, t) of following Neumann problem 



i,ai), ttQ 



0, 



(^)ji?,,t) = -/, vo<t<r,,, 

{y^)^{-Rk,t) = g, VO<t<T,,, 
,v{x,0) = uo{x) in Ijii^ 



which satisfies 



and 



Rk 



Vt 



< 



f (x, t) dx 



Rk 



[l-m)t 



Rk 



where T,- ^ is given by 



Rk 



Uq dx 



in In X (0,T,-,, 



uodx — / {fj + gj) ds VO < t < Tj^k 



Rk 



ifj + 9j) ds. 



Then, by Lemma 4.2 of [Hu3j . the solution vf''{x,t) has a subsequence which we 
may assume without loss of generality to be the sequence itself that converges to the 
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solution Vj{x,t) of (10. 2p uniformly on every compact subset of M x (0,To) as — )■ oo 
with ^ 

/ Vj{x, t) dx = / uqcLx — / (/,■ + c/s VO < t < Tj 
Jr Jr Jo 



where 



/ uqcLx = / {fj + Qj) ds. 
Jr Jo 



Let ij G {1,2, ■■■ ,2-'} such that di^-i < Tj < ai^ Then, by |Hu3] . the solution Vj 
also satisfies, for all e > 0, 



vf{x,t) 



mx 

and 



— )■ — /ij uniformly on [ai_i + e, — e] as x — )■ oo, Vi = 1, ■ ■ ■ , — 1 



)■ z/j uniformly on flj-i + e, — e as x — i- — oo, Vi = 1, ■ ■ ■ , i,- — 1. 

Hence, for sufficiently large Rk » 1, 

" 'i^^/'' < - sup^^ f ~ ij ^ + e, flj - e], = 1, ■ ■ ■ , ij - 1 

'"ml-filf > ^^P/. ^ + Vt G [ai_i + e,ai - e], Vz = 1, ■ ■ ■ , ij - 1. 

and 

v,{~Rk,t) < {\m\Rkg{t))^ = v'^'^i-Rk^t) 

for any t G [ctj-i + e, — e], Vi = 1, ■ ■ ■ , ij — 1. Hence by f l4.13p and an argument 
similar to the proof of Lemma 2.3 of [DK] and Lemma 2.5 of |Hu3j . for sufficiently 
large Rk » 1, 

{vj - v^>')+{x, ta) dx < {vj - v^'') + {x, ti) dx (4.14) 

\x\<Rk J\x\<Rk 

for aj_i + e < ti < t2 < tti — i = 1, 2, ■ ■ ■ , ij — 1. 

Letting A; — )■ oo in (I4.14p . by f l3.28p and Lebesque Dominated Convergence Theorem, 

{vj — v)j^{x,t2) dx < I {vj — v) + {x,ti) dx 
Jr 

for any aj_i + e < ti < t2 < ai — e and t2 < Tq. For i = 1, ■ ■ ■ , ij — 1, letting e — )■ 0, 
ti — )■ aj_i and taking t2 arbitrary. 



{vj — f ) + (x, t) dx < I {vj — f ) + (x, ai_i) (ix Vai_i <t<ai, i = 1, ■ ■ ■ , ij — 1. 

(4.15) 
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Similarly 

\n-vU.,t)d.< lin-vU.,a,_M^ Va.._,<*<T, (4.16) 
Hence by (141511 and (ICTil . 



for < t < Tj. Vj G Z+. Then 

t;^ < in M X (0, Tj) Vj = 1, 2, • • • , 
where Tj = min (Tq, T, ). Therefore 

/ v{x, t)dx > I Vj{x, t) dx = / Uo{x) dx — {fj + gj) ds VO < t < Tj. 
Jr Jr Jo 

Letting j — )■ cxd, we have 

/ v{x, t) dx > / uo{x) dx — {f + g) ds VO < t < Tq. 
Jr Jr Jo 

Similarly, one can prove that 

/ v{x, t) dx < / uo{x) dx — {f + g) ds VO < t < Tq. 
Jr Jr Jo 

Hence v satisfies (10.151) for any t G [0,To]. 

Let To > To be the maximal time such that {f^*^}^]^ has a subsequence which we 
still denote by that converges to a solution v of (10. 2p in R x (0,To) which 

satisfies (lO.lSp for < t < To as A; — )■ oo. We claim that To = T. Suppose not. Then 
To < T. Hence by (laT5|) . 



[ v{x,fo)dx= [ uodx- [ {f + g)ds>0. (4.17) 
Jr Jr Jo 

We will now choose a constant Tq < To sufficiently close to Tq. Let wf ''^ be the solution 
of (10. 7p with initial value v{x,Tq). By Theorem 13. 11 wf''^ converges uniformly on any 
compact subsets of Mx (0, T) as A; — )■ oo to the solution u of (10. 2p with Uq{x) = v{x, Tq) 
where 

f=^[ v{xX)dx. 

^/^ JR 

Then by repeating the previous argument using ■uf'"'^ as the comparison function, 
we get that v^^{x,t + Tq) has a subsequence which we still denote by v^^ such that 
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v^'^{x,t + Tq) converges to a solution v of (10. 2p in M x (0,T) with Mo(a;) = v{x,Tq) 
where 

f = ^ I v{x, T^)dx = ^ I I uodx - I (/ + 5() rfs | 

We extend f to a solution of fl0.2p in M x (0, Tq + T) by setting v{x, t) = v{x, t — Tq) 
for T^<t <T^+f. We now choose > such that Tq - ^ < < To. Then 

+ f > To. 

This contradicts the maximality of Tq. Therefore 

fo = T. 

Hence {f^*}^^ has a subsequence which we still denote by {v^''}'^^^ such that f^* 
converges to a solution t> of (10. 2p in M x (0,T) which satisfies flO.lSp for t G (0,T) as 
k — i- oo. 

By an argument similar to the proof of Corollary 14. 4[ Lemma 14.51 and the proof 
of Theorem 1.11 of |Hu2] . u satisfies fl0.16p and (10.171) for any < a < b < T. Then 
by (I0.16P , (10.171) and the same argument as the proof of Theorem 14.81 u is equal to 
the solution u of (10. 2p in M x (0, T) constructed in |Hu3] by Neumann approximation 
method. 

Since the sequence is arbitrary and the limit of the sequence m = -u is 

unique and independent of the sequence {Rk}'^=i, converges uniformly to u every 
compact subset of M x (0, T) as i? — )• oo and the theorem follows. □ 
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